Abstract: Cross-efficiency evaluation, an extension of the data envelopment analysis (DEA), has found an appropriate function in ranking decision making units (DMU). However, DEA suffers from a potential flaw, that is, the existence of multiple optimal solutions. Different methods have been proposed to obtain a unique solution (based on a specific criterion). In this paper, we refer to Wang's method for ranking DMUs but argue that his way of selecting the weights is not the appropriate one. Namely, in the cross-efficiency evaluation of DMUs, we always search for the weights which use minimum resources to increase the production. Therefore, we suggest that the selection of weights among the multiple weights should be determined by decreasing the contribution of inputs in the use of resources, and increasing the contribution of outputs in the production, which should overtly prevent the selection of zero solutions to the extent possible. To this end, some examples are given to illustrate differences and advantages of our method compared to those usually used.
INTRODUCTION
Data envelopment analysis is a nonparametric method based on linear programming in relative efficiency evolution of a series of homogeneous decision making units (DMUs) with multiple input and outputs. The relative measure of each DMU was first introduced by Farell [11] , but got interest among researches by Charnes et al. [2] . One of the appealing features of DEA is that it does not need accurate and greater values of the weights. DEA aims to estimate the unit under evaluation in its best state possible. On the one hand, the flexibility of DEA in the allocation of weights often leads to unreal solutions (especially zero weights), hence, undesirable. Therefore, some researchers suggested the use of weight control factor to prevent the occurrence of unreal weights in efficiency evaluation. On the other hand, most of DMUs are evaluated as efficient and are given the same efficiency score. Therefore, we cannot distinguish their performances theoretically. This problem led the researchers to propose methods to distinguish efficiency of the given DMUs and thus, provide a complete ranking for all DMUs. Different methods have been proposed to rank DMUs, each of which uses specific qualities as the ranking criteria. For more information regarding the new ranking methods, readers can refer to Hosseinzadeh Lotfi et al. [14] , Nasseri et al. [20] , Ruiz and Sirvent [24] , Nasseri and Kiaei [21] , Emrouznejada et al. [9] , Jahanshahloo et al. [13] .
The cross-efficiency evaluation method is one of the most popular ranking methods. Sexton et al [25] are among the pioneer users of this method. The overall objective of cross-efficiency evaluation is to evaluate each DMU from the perspective of all others, which is generally referred to as peer evaluation. Unlike DEA that uses self-evaluation, this method offers two advantages: provide a ranking for each DMU, and also avoid using the pattern of unreal weights in the efficiency evaluation of DMUs. Due to its high distinguishing power in the ranking of DMUs, the cross-efficiency evaluation has a wide range of applications in such studies as Sexton et al. [25] , Doyle and Green [8] , Ertay and Ruan [10] , Cooper et al. [4] , Lim et al. [18] and Cui and Li [5] .
Nevertheless, there are some problems in cross-efficiency evaluation. Perhaps the main problem is the existence of multiple optimal solutions for the weights resulting from the DEA model that leads to various efficiency scores (depending on the selection of weights). To solve this problem, secondary goal was first introduced by Sexton et al. [25] in 1986, and generalized by Doyle and Green [7] in 1994. This goal is a potential adjustment which avoids deduction of the crossefficiency advantages. In most papers, this idea is used for all DMUs with the some conditions on cross-efficiency results. Thus, these conditions are referred to aggressive and benevolent formulas. A benevolent (aggressive) model searches the optimal weights that not only preserve the efficiency score of the unit under evaluation, but also increase (decrease) the efficiency score of the other DMUs. Liang et al. [17] , in their attempt to expand Doyle and Green's [7] models, suggested three various secondary goals from a benevolent perspective. Wang and Chin [29] extended Liang et al.'s [17] models by describing the true ideal points.
Liang et al. [16] generalized cross-efficiency concepts to the game cross-efficiency and achieved the convergence of the repetitive algorithm by deduction from the balanced point. Wu et al. [39] exhibited a mixed integer programming model for cross-efficiency evaluation and for determining the best ranking arrangement for each DMU. Lam [15] proposed the development of a new, improved method for selecting more suitable weights to be used in cross-evaluation. Wang et al. [33] suggested three alternative approaches to determine relative importance of weights for cross efficiency aggregation. Soltanifar et al. [27] , by extending some of the previous researchers' ideas in the same area, set the goal constituted three new secondary goals and by selecting the best among them and using the voting model, they suggested a new assessment. Wu et al. [37] , demonstrated inefficiency of the conventional aggressive and benevolent model, and exhibited better secondary goals. Wu et al. [36] suggested a DEA cross-efficiency evaluation based on Pareto improvement.
The review of the related articles makes clear that the available cross-efficiencies (except for game cross-efficiency) are all computed either as aggressive or benevolent. Yet, there is no warranty that the aggressive and benevolent formulas can give the same results in ranking. Therefore, a neutral model is introduced, which determines the weights of the inputs and outputs for the unit under evaluation, without examining the aggressiveness and benevolence of other DMUs. This model helps the decision maker to evade the problem of selecting between aggressive and benevolent model. Wang and Chin [30] suggested a neutral model DEA for crossefficiency evaluation and its generalization for evaluation with cross-weights. They maximized the minimum of relative efficiency of each output, and as a result, they considerably decreased the number of zero weights for the outputs. Ramon et al. [22] exhibited another model, operating concurrent with assessment, whose secondary goal was to select profiles weights. So, high differences in the weights related to inputs and outputs, to the extent possible were avoided. Also, Ramon et al. [23] selected a peer-restricted method, disregarding the weights of a specific inefficient DMU in computing cross-efficiency. Wang et al. [34] presented some neutral DEA models to minimize the virtual disparity in the cross-efficiency evaluation. Wang et al. [32] suggested a neutral model whose goal was to decrease the number of zero weights both for the inputs and outputs. Wang et al. [31] , using ideal and anti-ideal virtual DMUs, exhibited four neutral models for crossefficiency evaluation from the view of multiple criteria decision analysis (MCDA). Jahanshahloo et al. [12] suggested the selection of symmetric weights as a secondary goal in cross-efficiency evaluation. Wu et al. [40] introduced a weight balanced DEA model whose goal was to decrease the number of zero weights. Lin et al. [19] presented an iterative method for assigning weights in cross-efficiency evaluation, which not only certifies a unique weight set for positive input and output data, but also decreases the number of zero weights maximally without imposing any prior weight limitation.
In this paper, we seek to allocate weights among the multiple optimal weights based on Wang et al. [32] , so that the consumption contribution of each input and the production contribution of each output in the efficiency evaluation of DMU under study decreases and increases respectively. However, we avoid the simultaneous selection of zero weights in both inputs and outputs. In other words, in addition to allocating the optimal contribution of the inputs and outputs in the consumption of resources and production, and retaining the efficiency of the unit under evaluation, we try to have all the inputs and outputs of other DMUs participate in the cross-efficiency evaluation, to the extent possible. We believe that such a selection of weights is more logical than the selection method introduced by Wang et al. [32] .
The advantage of the proposed method over the Wangs is that the neutral weights are selected for each unit based on increasing outputs share and reducing inputs share, simultaneously. This type of weight selection appears to be more appropriate in terms of performance evaluation viewpoint, since in performance evaluation, it is always sought to increase the total outputs share and reduce the total inputs share, simultaneously. Although the proposed method may cause zero weight assignment to inputs, and thus reduce the number of inputs in the performance evaluation of units, these weights can be avoided by providing a twophase process.
The rest of this article is organized as follows: In section 2, we present a concise point out of the cross-efficiency evaluation, its main formulations, and the secondary goals. In Section 3, the proposed method is introduced and illustrated by numerical examples in Section 4. Finally, Section 5 is assigned to the conclusions.
CROSS-EFFICIENCY

Cross-efficiency evaluation
Suppose that there is a set of n Decision Making Units (DMUs), and each DM U j (j = 1, . . . , n),using different m inputs, produces different s outputs which are respectively determined by x ij (i = 1, . . . , m) and y rj (r = 1, . . . , s). To assess each DM U k (k = 1, . . . , n), the efficiency score E kk performance can be calculated by the input-oriented CCR multiplier model as follows :
where ν ik and u rk represent ith input and rth output weights for DM U k . By using the Charnes and Cooper [1] Conversion, we changed it to a linear model as follows:
Suppose that ν * ik (i = 1, . . . , m) and u * rk (r = 1, . . . , s) are the optimal solutions above of LP model, then E * kk = s r=1 u * rk y rk shows the CCR-efficiency of DM U k , which resulted from self-evaluation. The cross-efficiency of DM U j , resulting from peer-evaluation using DM U k , can be obtained as follows:
The corresponding model for each DMU is solved, and as a result, n series of input and output weights for n DMU are computed. Each DMU has (n − 1) crossefficiency in addition to one CCR efficiency. These efficiencies constitute an n × n matrix, called the cross-efficiency matrix, where E kj is an entry in row k and in column j . Doyle and Green [7] described the cross-efficiency score as a cross efficiency average DM U j with optimal weights of the other DMUs, as follows:
Optimal solutions resulting from Model (2) are not often unique, but, a desirable cross-efficiency was gained. This is related to a specific software that ideally selects optimal solutions (Despotis, [6] ). To overcome this problem, secondary goals in cross-efficiency evaluation are exhibited. Secondary goals to solve the problem of multiple optimal weights were introduced to examine one solution among the multiple optimal solutions on the basis of a given criterion. For the first time, Sexton et al. [25] discussed the benevolent and aggressive models. Doyle and Green [7] exhibited another form of benevolent and aggressive formulas, which are used more frequently in practice.
Model (5) is known as the aggressive formulation for cross-efficiency evaluation, which aims at minimizing the cross-efficiencies of the other DMUs in some way, whereas model (6) is known as the benevolent formulation for cross-efficiency evaluation, which aims at maximizing the cross-efficiencies of the other DMUs to some extent(Wang and Chin [29] ). The two models choose the optimal weights from two different viewpoints, whereby two different ranking methods are achieved in the cross-efficiency evaluation, while the decision maker may seek to choose a neutral method being neither benevolent nor aggressive. So, Wang and Chain [30] introduced a neutral model of DEA in the cross-efficiency evaluation as follows:
Among multiple optimal weights, Model (7) selects such optimal weights which maximize the comparative efficiency of each output. In this method, the number of zero weights of the output decreases effectively. Wang et al. [30] stated: "The economic meaning of the model (7) can be interpreted as DM U k searches for a set of input and output weights to maximize its efficiency as a whole and at the same time to make each of its output be as efficient as possible to produce sufficient efficiency as an individual." If we have only one output component, then model (7) does not necessarily yield a unique optimal solution. In this case, model (7) and model (2) have the same result. Wang et al. [32] proposed the following model, by generalizing the neutral model of Wang et al. [30] , which simultaneously reduces the number of the weights of zero input and output.
Where α and β are parameters that hold in α + β = 1 condition. Wang et al. [32] said:" the economic meaning of model (8) can be interpreted as seeking for a set of input and output weights for DM U k to make each of its output and input as efficient or sufficiently important as possible while keeping its CCR-efficiency unchanged such that each output can produce sufficient efficiency as an individual and every input can be sufficiently utilized."
THE PROPOSED MODEL
Wang and Chin [30] proposed a neutral model for cross-efficiency evaluation to evade the problem of selecting between aggressive or benevolent formulas. They suggested a new strategy to select the weights so as not to increase or decrease the other DMUs. Likewise, Ramon et al. [22] followed the same strategy. They also suggested the participation of all inputs and outputs' weights of DMUs in the efficiency evaluation of the unit under evaluation to avoid the selection of zero weights. In the present paper, by combining the two ideas above, we intend to propose a model that considers the selected weights in the cross-efficiency evaluation.
Wang et al. [32] commented that among the multiple optimal weights the one should be selected which yields an improved relative efficiency for each input and output, and to the extent possible, covertly prevents the selection of zero solutions in cross-efficiency evaluation. We agree with them in this regard. However, in their model, Wang et al. [32] actually seek to select weights that increase the contribution of input consumption while it seems that this contradicts the optimization of the relative efficiency of each input. We believe that such selection of weights is not appropriate because it worsens the relative efficiency of each input though the relative efficiency of each output is improved. Therefore, we intend to propose a model that improves the relative efficiency of each input and output. To this end, we first propose the following model:
u rk y rk − δ ≥ 0, r = 1, . . . , s,
In model (9), in the cross-efficiency evaluation, those weights are selected that, in addition to retaining the efficiency of the unit under evaluation, they optimize the relative efficiency of each input and output. In other words, this allows the consumption contribution of each input to reduce while the production contribution of each output increases. However, in doing, so in model (9), the zero weights are allocated to each input to the extent possible, but for the outputs a non-zero is obtained. To avoid zero weights, to the extent possible, we propose the following model:
To minimize the weights, this model uses the optimal solutions of model (2), so it is a non-linear model defined by = min{ν 1k , . . . , ν mk , u 1k , . . . , u sk }, that converts to the following linear model, which is the same as the phase one model.
ν ik , u rk ≥ , i = 1, . . . , m, r = 1, . . . , s.
The limitations applied to the weights do not make model (11) infeasible because here is a variable not a constant value with no impact on the infeasibility. Due to the objective function of the fourth and fifth restrictions, the non-zero weights are selected among the multiple optimal weights. In fact, the model assigns the non-zero weights to efficient units and inefficient units whose images were on the efficient frontier.
If the model (2) has been used instead of the first phase(model (11)), there are two problems: the existence of multiple optimal solutions and the existence of zero weights. In the method, it is attempted to solve the mentioned problems as far as possible. Hence, in the first phase, model (11) has been applied which included two advantages: 1) it drives the weights towards selecting unique weights (it does not necessarily yield the unique result); 2) they are obtained the weights being against zero, as far as possible. Now, in order to achieve the weights of the inputs and outputs of the unit under evaluation, we propose the following model:
Where * is the solution resulted from model (11) . In this method, a neutral secondary goal is suggested that prevents the occurrence of multiple optimal solutions. In fact, model (12) selects a solution among the multiple optimal solutions that decreases the consumption contribution of each input but increases the production contribution of each output, in addition to ensuring the non-zero weights to the extent possible. Assume that model (12) is solved n times and ν * ik , u * rk (∀i, r, k) are derived the weights, then the cross-efficiency of DMUs, from the perspective of other DMUs, is calculated by equation (3) . Also, the cross-efficiency scores for DMUs are calculated by equation (4).
Remark: Model (2) has multiple optimal solutions when the unit under evaluation is efficient or its projection falls on the efficient frontier of production possibility set, model (12) produces non-zero solutions for such DMUs. Therefore, the zero weights resulting from model (12) are due to a unique solution in model (2) for the unit under evaluation.
To clarify the suggested ranking method in the evaluation of cross-efficiency in comparison with other methods, we will exhibit two examples in the next section.
NUMERICAL EXAMPLES
In this section, we provide two numerical examples so to demonstrate the incongruity between the orderings achieved by the aggressive and benevolent formulations for cross-efficiency evaluation and the applications of the proposed neutral DEA model in cross-efficiency evaluation.
Example 1.
Seven academic departments (DMUs) in a university (Wong and Beasley, [35] ) are evaluated based on three inputs and three outputs, given below, and their (5) Model (6) Model (7) Model (8) Model (12) (6) input and output, data are shown in Table 1 along with the CCR efficiencies of the seven academic departments.
x 1 : Number of academic staff. x 2 : Academic staff salaries in thousands of pounds. x 3 : Support staff salaries in thousands of pounds. y 1 : Number of undergraduate students. y 2 : Number of postgraduate students. y 3 : Number of research papers.
Since the CCR-efficiencies evaluate six out of seven academic departments as efficient and cannot distinguish them any further, the cross-efficiencies are computed.
In the first phase of the proposed method of solving model (11), the optimal target functions for units 1 through 7 are 0.002315, 0.000949, 0.000356, 0.000000, 0.000427, 0.001252 and 0.000190, respectively. We put these values in the second phase in (12) model to solve the optimal solutions, resulting in cross-efficiency and score cross efficiency.
The cross-efficiency scores of the seven academic departments in the university, adopted from Models (5), (6) , (7), (8) , and (12) are presented in Table 2 . As can be seen, DM U 4 and DM U 5 have the best and worst performance respectively among the different DMUs in the models mentioned above . The results of the ranking of DMUs in the proposed model is more similar to the neutral model (7) with only the ranks of DM U 1 and DM U 2 being exchanged.
In Tables 3-8 , the weights obtained from different models indicate that the proposed model included the most non-zero weights in the cross-efficiency evaluation. In other words, every efficient DMU participates in cross-efficiency evaluation of other DMUs. However, the other models discussed above do not have such a feature. This again implies the superiority of the proposed model to the ones mentioned above. Also, it can be seen that this model is able to rank every individual DMU. It can be seen in Tables 6 and 7 that Wang et al. [32] also intended to decrease the number of zero weights of the input and output by changing the parameters α and β. However, in comparison with the proposed method (Table  8) , this strategy failed to achieve this goal.
In Table ( 9) , the weights obtained from the model (9) are given without regard to phase 1. In Table ( 8), we observed that the number of zero weights obtained from model (12) reduced compared to the model (9) in Table (9), which was our goal in phase 2. The results differ when model (12) is used in the first phase compared to model (9) . Although the application of the proposed two-phase method seems more complicated, its idea is to prevent the selection of zero weights in the performance evaluation of the units, because from managerial viewpoint, managers expect all units to participate in performance evaluation. Model (12) chooses a larger number of non-zero weights than model (9) to look for an optimal share of Table 5 : Input and output weights for the seven academic departments produced by neutral DEA model (7). Table 6 : Input and output weights for the seven academic departments produced by neutral DEA model (8) Table 9 : Input and output weights for the seven academic departments produced by model (9) . 
DMU
Example 2.
Fifteen US cities (Chen, [3] ) were assessed with respect to three inputs and three outputs that are defined as follows:
x 1 : highend housing price (1,000 US$). x 2 : lower-end housing monthly rental (US$). x 3 : number of violent crimes. y 1 : median household income (US$). y 2 : number of bachelor's degrees (million) held by persons in the population. y 1 : number of doctors (thousand). Table 10 shows the input and output data of the 15 US cities together with their CCR-efficiencies which assess seven out of the 15 US cities as DEA efficient but cannot distinguish them any further. Table 11 shows the efficiency scores resulting from cross evaluation of 15 US cities in Models (5), (6) , (7), (8) , and (12) . It can be seen that the proposed model assigns a different rank to each unit and DM U 6 and DM U 12 , respectively have the best and the worst performance among the different DMUs in the models mentioned above. The results obtained from the ranking of models show that the ranking performance of the proposed model is most similar to that of the neutral model (7). In Table 12 , all the weights of efficient DMUs are non-zero. Therefore, it can be concluded that every input and output has participated in the cross-efficiency evaluation of other DMUs. 
DMU
CONCLUSIONS
Cross-efficiency evaluation is an effective method to rank DMUs in DEA. The major problem, however, is that DEA suffers from a potential flaw, i.e., the existence of multiple optimal solutions, which results in different efficiency scores, thus in different ranking for DMUs. In the present article, we proposed a model that can decrease the consumption contribution of each input while increasing the production contribution of each output to select an appropriate solution among the multiple optimal solutions. The proposed method seems to be more logical compared to the previous methods because it adopts the same strategy to the evaluation of the performance DMUs in DEA.
The factor that seems to be appealing in cross-efficiency evaluation is to include all the inputs and outputs of other DMUs in the cross-efficiency evaluation of a given DMU to the extent possible. To do so, it is strongly recommended to avoid the selection of non-zero weights, which our model provides to the extent possible. This further indicates the advantage of the proposed method over the existing methods. Our method, considered as a neutral model, is able to offer different ranking in the efficiency evaluation of DMUs. According to Wang and Chin [30] , basically, by a neutral model the problem of selecting between aggressive and benevolent formulas can be evaded.
In the paper, they were presented two examples to compare the proposed method with the other methods. In the proposed method, in the first phase, the optimal value of the objective function in model (11) has been primarily computed. These values were used in the second phase(model (12) ) so that the unique optimal weights and as much as possible non-zero weights were obtained. We have found that the weights obtained from the proposed method show fewer numbers of zero weights than the other methods, as a result of which more inputs and outputs have contributed to the evaluation of the performance of each unit. Also, the choice of optimal weights among multiple optimized weights is based on reducing the input share and increasing the share of outputs for each unit independently in evaluating unit performance.
Therefore, the advantages of this method, compared with other methods, are the reduction of the number of zero weights and the selection of optimal weights based on the share of the optimal use of resources and the production of outputs in the performance evaluation, regardless of how other units perform. A problem that is not addressed in Wang's way is the use of the optimal share (decrease) of inputs in addition to increasing the share of outputs that we have achieved by modifying their model.
